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ABSTRACT 
This paper describes a Monte Carlo procedure for the solution of elliptic difference equat ions re- 
quiring a previous subdivision of  the integration domain into convex regions. Using Green's func- 
t ion for these regions, it is shown how it is possible to avoid processing random walks inside each 
region. 
1. INTRODUCTION 
Computational procedures to solve elliptic partial differ- 
ential equations, based on the Monte Carlo method, have 
been developed by several authors with the: aim of ob- 
taining sampling techniques that are efficient in cases of 
practical interest. 
To avoid the long computational time for the standard 
random walk [6] which generally requires a large number 
of steps, the so called "maximum spherical walk" 
method has been devised by Muller [9]. This method 
was used, for instance, by Haji-Sheikh and Sparrow [4, 5], 
to solve both steady and transient heat conduction 
problems. Hoshino and Ichida [7] introduced a random 
walk technique whereby, unlike the spherical walk, the 
domain is represented by lattice points and the random 
walk is carried out on a maximum square. Monte Carlo 
procedures using assigned subdomains for which Green's 
function can be casily computed'are d scribed in [ 10,12 ]. 
A combination of a difference algorithm with the Monte 
Carlo method is described in [3]. 
It is easy to verify that all the mentioned procedures are 
of pratical application in problems involving Poisson's 
equation only when the source is constant in the whole 
field of definition. In fact Muller's spherical process and 
others derived from it perform a random walk with 
transition from one point to another which is near the 
boundary of the whole field, ignoring the variations of 
the source along the walk. 
For this type of problem a "leaping" random walk is 
presented with domain which can be approximated with 
a previous ubdivision into convex regions whose Green 
function is known. The walk proceeds by leaping about 
among the boundary points of these regions. 
With the proposed method it is possible to consider a
previous ubdivision of the domain in regions whose in- 
terior source are different from one another. A simple 
example of application might be the steady heat con- 
duction problem in a plate of different materials. It is 
also possible to consi~ter a single point source interior to 
the domain but situated on the boundary of a region. 
Obviously, besides the subdivision due to the physical 
problem, another may be necessary to handle regions 
of shape for which one knows the relative Green func- 
tion and in order to obtain a better numerical approxima- 
tion. 
Besides the unknown function in a single point, it is 
shown how it is possible to estimate the unknown func- 
tion simultaneously in all the boundary points of some 
assigned regions. The solution in all the points of these 
regions can then be obtained by means of standard 
numerical techniques. 
A computer program has been developed which at 
present uses transition probabilities computed for 
rectangular regions only. Other shapes of convex regions 
might in future be considered by the program. 
2. FINITE DIFFERENCE EQUATION AND SAMPLING 
MODEL FOR MULTIREGIONAL DOMAIN 
Let D be a finite set of points of a square lattice of 
mesh size h and F(D) the set of boundary points of D, 
i.e. the set of points Q ~ D of the lattice adjacent at 
least to one point of D. 
Let P -~ (x,y) and A h be the finite difference analogous 
to the Laplace operator such that 
Ahu (x,y) = h~ [u (x +h,y) +u (x-h,y) +u (x,y +h) 
+u (x,y-h)-4u (x,y)] 
We shall tackle the solution of the following problem :
AhU(P +g(V) = 0 PED 
u(Q) = f(Q) Q E F(D) (1) 
For the domain D we assume that ~= {R1,R 2 ..... Rm) 
is a finite set of convex domains, called regions of D, 
such that (see for instance fig. 6) : 
m 
u Ri=D;Rin =  fori j 
i=1 
and 
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Q ~ P (Ri) ~)  Q E P (D) or Q E Rj j =/= i 
) there exists only one point P (Q) E R i 
adjacent to Q 
Let us also assume that 
g(P)=C i if PER i 
Let two points P" E D and Q" E P (D) be assigned. The 
functions G (P, P') and E (P, Q') are assumed to satisfy 
the following equations : 
[ AhG(P,P') + ~ 6 (P,P') = 0 PED (2) 
G(Q,P') = 0 Qe r(D) 
[~ hE (P,Q ") = 0 PC D (2a) 
(Q,Q') = 8 (Q,Q') Q E P(D) 
where 8 is the Kronecker symbol and A h operates on 
G (P,P') and E (P,Q') as functions of P. 
Under these assumptions u (P') can be written as 
h 2 
u (V') = ~- P~D G (e ", P) g (P) + ~EP(D) E (V', Q) f(Q) 
(3) 
As is known (see for instance [1, 11]), for a random walk 
in D U P(D) starting from P 'ED one can interpret 
G(P',P) as the expected number of visits to P before the 
boundary is reached, and E (P',Q) as the probability that 
the walk will reach the boundary for the first time at the 
point Q. 
The value of the unknown function u(P) in the poin t
P' E D can therefore be estimated by a Monte Carlo 
process with a standard random walk starting from P" 
and stopping as soon as a boundary point Q" is reached. 
If £N = {P0'P1 ..... PN;P0-=P') is the ordered set of 
the points of D visited during the walk, as estimator 
r(P') of u (P ') is given by 
h 2 N 
r(P') = -~- ~=0g(Pk) +f(Q');  PkE£N 
We now take the function G(P',P;Ri),P" and PERi, to 
indicate the expected number of visits to P for a random 
walk starting from P" and stopping as soon as a point of 
P(Ri) is reached. For assigned P'E Ri, we indicate b.y 
E (P',Q;Ri) the discrete probability distribution for the 
points QEI'(Ri). i.e. : 
E(P',Q;Ri) = ¼ G[P',P(Q);Ri] 
Moreover let S (P';Ri) indicate the expected number of 
steps of size h carried out in region R i in order to reach 
a point of P(Ri) starting from P'E Ri, Le. : 
S(P';Ri) = Z G(P',P;Ri) 
PER i 
On the basis of the previous assumptions, to estimate 
u(P') in the assigned point P" the following random walk 
starting from P0=P" and leaping about among the boun- 
dary points of Ri,i=1,2 ..... m, can be set up : 
i) Let PoERi0 . Starting from P0 a point P1 EP(Ri0) 
is reached (possibly with a standard random walk). 
Take 1 ~ k and continue. 
ii) If Pk E P(D), define N=k and stop, otherwise 
continue. 
iii) Let Pk E Rik. Choose a new point Pk+l E P (Rik) 
from E (Pk,Q;Rik). Take k+ 1-~k and return to ii). 
The random walk as previously described efines the 
ordered finite set £N - (P0'P1 ..... PN ) of the point visit- 
ed, with Pk E Rik and Pk+l EP(Ri k) for k= 0,1 ..... N-1. 
An estimator ~1 (P ") of u (P') is given by 
1.2 N-1 
n(v,)= 11 ~ S(P,;R. )C: +f(Q) (4) 
4 k=0 K i k 'k 
for PkE£N k=0,1 ..... N-1 and Q-PNE I'(D). 
To estimate u (P) in all the points of a region RiE 6~, it 
must be observed that it is sufficient to estimate the un- 
known function in all the points QEP(Ri) and then 
solve the following difference problem :
[~ hV(P) + c i = 0 p ~ g i  
(Q) = u + (Q) QE P (Ri) 
where u + (Q) is the estimate of u (Q). the estimate of 
u(V) will be u+(P)=v(P). 
Indeed, if P'E R i G(P', P) and E(P', Q) can be expressed 
for PED and QEI'(D) as : 
G(P',P) = aG(P',P;Ri) + ]~ E(P',Q';R:)G(Q',P) 
Q'Ep(Ri) 
where a=l  f fPEg i ;a= 0 i fP~g i 
E (P',Q) ---- ~ E (P',Q';Ri) E (Q',Q) 
Q'EI-'(Ri) 
Substituting these relations in (3), one obtains :
h 2 
= ~ G(P',P;Ri)g(P ) + , , , 
u(P') ~ PERi Q,gP(Ri) E(p ,Q ;Ri)u (Q) 
To estimate u (Q), for all Q E P (Ri) , leaping random 
walks are performed with an adjoint method, where, 
for each region Rj, all the boundary points 
QS E P(Rj)A P (D), ff any, are taken into account as 
starting points. An estimator of u (Q) can be computed 
when aU the boundary starting points for all the regions 
Rj, j~ 1,2 ..... m, are processed. 
Let P(D) = {Q1,Q2 ..... QM ) be an ordered set of all 
the boundary starting points, moreover, let 
= .. . . .  tho o  lth0 
points of a leaping random walk as previously defined 
starting from s _ P0 = p (Qs)" We consider the weight func- 
S 
tion w given by 
n 
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s h2 k~_0 S Rik ] = [P(Pk+I); Cik; n<N w f(Qs ) +_~_ s 
n s 
M Ns-1 
Ifv(Q) = ~ 8[P(P-+l)'Q]isthet°talnumber- " n " " 
s= l  n=0 
of visits to P (Q), an estimator r/+(Q) of u (Q) is given by : 
M Ns-1 
~ w 8[P(Pn+I),Q ] 
¢/+(Q) = s=l  n=0 ifP(Q)=/= 0
v(Q) 
(5) 
n+(Q) = 0 if v(Q) = 0 
If F (Ri)= (QI'Q2 ..... QMi;Qr E F (Ri)} is an ordered set 
of all the M i points of F(Ri), before performing the 
Monte Carlo process one can calculate and store, for 
each QkEF(Ri), k= 1,2 ..... Mi, the discrete probability 
distribution E [p (Qk),Qr;R.~ and the expected number 
of steps S[P (Qk);Ri]" We also recall that for each R i it 
is sufficient to know G [P (Q),P';Ri] for every QEF(Ri) 
and P'ER i, and compute for k,r= 1,2 ..... M i 
E[P (Qk),Qr;Ri] = 1 G[P (Qk),P (Qr);Ri] 
p S[P(Qk);Ri] = ~ G[ (Qk),P ;Ri] 
P'ER i 
We observe that the "leaping" random walk is applicable 
also to a three-dimensional domain by assigning the 
conditions tated above on the set of regions R i now 
being 
1 E[P(Q),Q';Ri] = ~ G[P(Q),P(Q');Ri] 
3. NUMERICAL EXPERIMENTS AND COMPARISONS 
Some examples of applications of the techniques described 
are given. Domain D has been subdivided into rectangular 
regions for which the E and S functions have been cal- 
culated by means of formulas given in [8] and described 
in the appendix. 
Example I
In the following problem a square domain D is composed 
of two adjacent rectangular domains with different 
sources g (P). 
Assuming a mesh size h= 2/60 the problem becomes : 
uAhU(P) +~(P) = 0 PED 
(Q) = f(Q) Q~F(D)  
D = {P -= (ih,jh); 1~<i<~59 and 1~<j<~59} 
F(D) = {Q~ (ih,jh); i=0 or i=60 or j=0 or j=60) 
20 i f l~i~<29 and 1~j<~59 
g(P) = 100 i f30~i~59 and i~ j~59 
10 if i=0 or [0~<i<~29 and (j=0 or j=60)] 
f(Q) = 20 if i=60 or [30~<i~<60 and (j=0 or j=60)] 
The domain D was subdivided into four rectangular 
regions Rk, k=1,2,3,4, defined as follows : 
R 1 = {1~<i~<29 and 30~<j<~59} 
R 2 = {30~<i~<59 and 30<~j~<59) 
R 3= {l~<i~<29and 1~<j~<29) 
R4= (30<~i~<59 and 1~<j~<29) 
For each region R k and each point Qs E F (Rk) the dis- 
crete probability distribution E [P(Qs),Qr;Rk], 
Qr E F (Rk), and the expected number of steps 
S [P (Qs);Rk] were previously computed and stored. The 
computing time on IBM 370/168 for this calculation 
was about 15 seconds. 
All the Monte Carlo results quoted below are compared 
with those obtained by means of the HEATING3 code 
[13], which uses the "extrapolated Liebmann method" 
and a modification of the "Aitken 82 extrapolation 
process", to solve the finite difference quations which 
approximate hose for a steady-state problem of heat 
conduction. 
Calculations were performed to estimate the unknown 
function in single points using estimator (4). The 
results obtained for some points are reported in table 1 
together with the computation time. The number of 
histories run was 5000 for points 1,2,3,4 and 1000 for 
points 5,6. 
TABLE 1 
Point (i,j) 
1) (32,32) 
2) (29,17) 
3) (17,31) 
4) (43,31) 
57 ( 2,587 
6) (58,58) 
Leaping 
M.C. 
34.47 
28.91 
22.67 
36.43 
10.22 
20.85 
St. Dev. Time Finite 
(s) Difference 
0.25 
0.22 
0.22 
0.22 
0.06 
0.08 
19 
12 
12 
12 
0.37 
0.40 
34.1 
29.1 
22.9 
36.9 
10.3 
20.8 
Estimator (5) was utilized to calculate the unknown 
function at more than one point simultaneously. The 
values of the points belonging to a region R were com- 
puted by using the Green function for such a rectangular 
domain. 
In figures 1,2,3 results obtained on horizontal or vertic- 
al lines of D are reported together with the finite differ- 
ence ones (continuous lines). Each point of F(D) was 
processed 200 times. The Monte Carlo computation 
time to calculate the boundary conditions for the four 
regions was about 14 seconds. 
Example 2 
Consideration is given to the equation for steady heat 
conduction i  a "square plate" situated in the region 
0~< x~< 1, 0~< y~< 1. The temperature is presented as 
unity on side x=0 0~y~< 1 and zero on the other boun- 
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TABLE 2 
Point Leaping 
(i,j) M.C. 
(9,9) .401 
(15,3) .0817 
(15,15) .246 
m St. Time 
Dev. (s) 
59 .0060 19 
7.5 .0032 6 
20 .0048 15 
daries. In a square domain D of mesh size h=1/30 the 
problem can be written as follows : 
A h u(P) = 0 P E D 
u (Q) = f(Q) QE F (D) 
D= (P-=(ih,jh); 1~i~29 and l~ j~29)  
F(D) = (Q= (ih,jh); i=0 or i=30 or j=0  orj =30) 
f l  i f i=O 
f(Q) = [0 otherwise 
The domain D was subdivided into four rectangular 
regions R k, k=1,2,3,4,  def'med as follows : 
R 1={ l~ i~15and15~j~29)  
R 2 = {16~i~29 and 15~j~29)  
R3= { l~ i~15and 1~j~14)  
R 4= {16~i~29and 1~j~14)  
The computing time on IBM 370/168 for the calculation 
of the E and S functions was 4.5 seconds. 
In table 2, the results obtained in single points using 
estimator (47 are compared with those obtained by the 
standard random walk and with the exact analytical 
ones [4]. The average number of steps m is also reported. 
The number of histories run was 8000. 
In figure 4, the results obtained using estimator (5) are 
reported for the horizontal line j = 15 and compared 
with the ¢xact analytical values (continuous line). Each 
point of ~¢(D) was processed 200 times and the Monte 
Carlo computation time to calculate the boundary con- 
ditions for all the regions was 7.5 seconds. 
Example 3
In the following example adomain D like that of fig. 6 
has been considered. A mesh size he0.1 has been 
assumed and the problem was : 
AhU(P +1 = 0 PED 
u(q) = 0 QEF(D) 
The domain D was subdivided into three regions R k, 
k=1,2,3, defined as follows 
R 1 = (1<i<4 and l< j<4} 
R 2 = (5<i<9 and l< j<4} 
R 3 = {1<i<4 and 5~j<9)  
The unknown function has been calculated at all the 
points simultaneously. The results are quoted in fig. 5 
and compared with those obtained b~means of a finite 
element method [14]. Each point of i~(D) was processed 
400 times and the total Monte Carlo computation time 
Standard 
M.C. 
.404 
.0804 
.245 
St. Time Exact 
Dev. (s) Ana ly t~ 
198 .0055 45 .4028 
107 .0030 24 .0816 
265 .0048 60 .25 
was about 4 seconds. 
In the cases of the figures 1+5 the relative standard 
deviations are a few percent. 
APPENDIX 
Green's function, G (P',P;R), for a general case of a 
rectangular region R of m X n interior mesh points can 
be computed by means of the formulas given in [8] and 
quoted below. 
If P" is the point (ah, bh) and P is (ph,qh) relative to the 
origin (O,O) 
G(p',p;R 7 = " ~F 1 
(a,b;p,q) i fq~b 
IF2 (a,b;p,q) ifq/>b 
m 
Fl(a,b;plq)= 8 ~ sin ar Sinmr~Z_~l 
m+lr= l  
sinh q3 r sinh[(n + 1-b)3r] 
sinhflr sinh (n + 1) fir 
8 m 
F2(a,b;p,q)=,__= - ~ sin~++lsin prrt 
m+l r= l  m+l  
firth [ (n + 1 -q) 3r ] sinh b 3 r 
sinh 3r sinh (n + 1)3r 
The value Of 3r being defined by 
rTr +cosh3r= 2 COS 
We have computed 3r taking into account the logarithmic 
relation :
arcoshx = log[x+(x2-1) /2] for x~l  
so that 
3r = log (2-cos mr~l ) +[(2-cos ~--~) - ru  2 111/2) 
If one is willing to develop a tridimensional program, 
one can compute G (P,P'; R) for the parallelepiped R 
using the formulas (11.11), (11.12) and (11.27 of [8]. 
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